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Abstract 

We approximate a Euclidean version of a D + 1 dimensional mani- 
fold with a bifurcate Killing horizon by a product of the two dimensional 
Rindler space TZ2 and a D — 1 dimensional Riemannian manifold M. We 
obtain approximate formulas for the Green functions. We study the be- 
haviour of Green functions near the horizon and their dimensional reduc- 
tion. We show that if M is compact then the massless minimally coupled 
quantum field contains a zero mode which is a conformal invariant free 
field on R^. Then, the Green function near the horizon can be approxi- 
mated by the Green function of the two-dimensional quantum field theory. 
The correction term is exponentially small away from the horizon. If the 
volume of a geodesic ball is growing to infinity with its radius then the 
Green function cannot be approximated by a two-dimensional one. 

1 Introduction 

We are interested in a study of the quantum version of the phenomena associated 
with a motion of a particle around the black hole. As the quantum mechan- 
ics in an external field encounters the problem of particle creation leading to 
many particle systems we feel that a proper approach to the background grav- 
itational field goes through the field quantization. Quantum field theory can 
be defined by means of Green functions. In the Minkowski space the locality 
and Poincare invariance determine the Green functions and allow a construction 
of free quantum fields. In the curved space the Green function is not unique. 
The non-uniqueness can be interpreted as a non-uniqueness of the physical vac- 
uum [1][2]. There is less ambiguity in the definition of the Green function on 
the Riemannian manifolds (instead of the physical pseudo-Riemannian ones). 
The Euclidean approach appeared successful when applied to the construction of 
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quantum fields on the Minkowski spacetime [3] . We hope that such an approach 
will be fruitful in application to a curved background as well. In contradistinc- 
tion to the Minkowski spacetime an analytic continuation of Euclidean fields to 
quantum fields from the Riemannian metric to the pseudoRiemannian one is 
possible only if the manifold has an additional reflection symmetry [4] [5]. The 
reflection symmetry may have a physical meaning concerning tunneling phe- 
nomena which could justify the requirement of an additional symmetry of the 
gravitational background [6]. The Euclidean approach to quantum fields on a 
curved background has been discussed earlier in [7] [8] [9] and developed in [4] [5] . 

The event horizon has a crucial relevance for locality of quantum field the- 
ory because some information is lost behind the horizon. It is also the defining 
property of the black hole. The event horizon is a global property of the pseu- 
doRiemannian manifold. Hence, it is hard to see how it could be defined after an 
analjrtic continuation to the Riemannian manifold. There is however a proper 
substituteithe bifurcate Killing horizon [10]. As proved in [11] a manifold with 
the Killing horizon ( a static black hole is an example of the Killing horizon) 
can be extended to the manifold with a bifurcate Killing horizon. Moreover, 
there always exists an extension with the wedge reflection symmetry [12] which 
seems crucial for quantum field theory and for an analytic continuation between 
pseudoRiemannian and Riemannian manifolds. The bifurcate Killing horizon 
is a local property which can be treated in local coordinates [10]. In local 
Kruskal-Szekeres type of coordinates close to the bifurcate Killing horizon the 
metric tensor g^i, tends to zero at the horizon. This property is preserved after 
a continuation to the Riemannian metric. We can treat approximately the Rie- 
mannian manifold J\f with the bifurcate Killing horizon as Af — 7^2 x A4d-i, 
where TZ2 is the two dimensional Rindler space and A4d-i enters the definition 
of the bifurcate Killing horizon as an intersection of past and future horizons. 
There are well-known examples of the approximation in the form of a product; 
the Schwarzschild solution can be approximated near the horizon by a prod- 
uct of the Rindler space and the two-dimensional sphere . However, we do not 
restrict ourselves to metrics which arc solutions of Einstein equations . 

We consider an equation for the Green functions in an approximate metric 
near the bifurcate Killing horizon . We expand the solution into eigenfunctions 
of the Laplace-Bcltrami operator on ^A. If Al is compact without a boundary 
then the Laplace -Beltrami operator has a discrete spectrum starting from 
(the zero mode). We show that the higher modes are damped by a tunneling 
mechanism. As a consequence the position of the point defining the Green 
function on the manifold A4 becomes irrelevant. The Green function near the 
bifurcate Killing horizon can be well approximated by the Green function of the 
two-dimensional conformal free field. The splitting of the Green function near 
the horizon into a product of the two dimensional function and a function on A4 
has been predicted by Padmanabhan [13]. However, we obtain its exact form. 
Moreover, we show that if M is not compact, but the volume of a geodesic ball 
of radius r grows like a power of r, then the reduction to a two dimensional 
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Green function does not take place. 

The mechanism of the dimensional reduction presented in this paper may 
work for other models. In particular, for the ones with a warped form of the 
metric [14] encountered in the brane models [15]. Such models could explain 
why the Universe is confined to a submanifold and the probability of tunneling 
out of it is small. 

2 An approximation at the horizon 

Wc consider a _D + 1 dimensional Ricmannian manifold A/" with a metric gAB 
characterized by a bifurcate Killing horizon. This notion assumes a symme- 
try generated by the Killing vector Then, it is assumed that the Killing 
vector is orthogonal to a (past oriented) D dimensional hypersurface Ha and 
a (future oriented) hypersurface Hb [10]. The Killing vector is vanishing 
(i.e.,^^(a;)^^(a;) = 0) on an intersection of Ha and Hb defining a. D—1 dimen- 
sional surface A4 (which can be described as the level surface f{x) = const) . 
The bifurcate Killing horizon implies that the space-time has locally a structure 
of the one seen from an accelerated frame, i.e., the structure of the Rindler 
space. Padmanabhan [13] describes such a bifurcate Killing horizon as a trans- 
formation from a local Lorentz frame to the local accelarated (Rindler) frame. 
In [11] it is proved that the space- time with a Killing horizon can be extended 
to a space-time with the bifurcate Killing horizon. There, it is also shown that 
the extension can be chosen in such a way that the "wedge reflection symme- 
try" [12] is satisfied. In the local Rindler coordinates the reflection symmetry 
is (a::o,y,x) (xq,— ?/,x). The symmetry means that the metric splits into a 
block form 

a,b=0,l jk>l 

The bifurcate Killing horizon distinguishes a two-dimensional subspace of the 
tangent space. At the bifurcate Killing horizon the two-dimensional metric 
tensor gab is degenerate. In the adapted coordinates such that ^-'^ = do we have 
gio = and the metric does not depend on xq. Then, det[sfa6] ^ at the horizon 
means that 500(2/ = 0,x) = or gii{y = 0,x) = (if both of them were zero 
then the curvature tensor would be singular). We assume gooiv = 0, x) = 0. As 
goo is non- negative its Taylor expansion must start with j/^. Hence, if we neglect 
the dependence of the two-dimensional metric gab on x then we can write it in 
the form 

dsl = gABdx'^dx'^ = -y^idx^f + dy^ + T,j,k>2 9jk{y, x)dx^dx'' 

^y^(^-{dx^f+y-\dy'+ds%_,)) ' 

If we neglect the dependence of gjk on y near the horizon then the metric ds^j-,_^ 
( denoted ds%f ) can be considered as a metric on the D—1 dimensional surface 
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M. being the common part oiTiA and TLb- Hence, in eq.(l) Af = Ti2xM where 
TZ2 is the two-dimensional Rindler space. As an example of the approximation 
of the geometry of Af we could consider the four dimensional Schwarzschild 
black hole when J\f ~ TZ2 x 5^ ( quantum theory with such an approximation 
is discussed in [16]) . 

We shall work with Euclidean version of the metric (1) 

ds^ = + dy'^ + T,j,k>2 9jk{y, x)dx^dx'' 

^y^[{dx'^f+y-^{dy^+ds%_,)) 

It is assumed that this is a Riemannian metric on the Riemannian section of a 
certain complexified manifold J\f [17]. 
Let 

= J-dAg^^'VgdB (3) 

be the Laplace-Beltrami operator on J\f. 

We are interested in the calculation of the Green functions 

{-An + m%)g^ = -^S (4) 

A solution of eq. (4) can be expressed by the fundamental solution of the diffusion 
equation 

drP = ^AnP 
with the initial condition Po{x, x') = g~i5{x — x'). Then 

In order to prove Eq.(5) we multiply the diffusion equation by exp(— irrilrT) 
and integrate both sides over t applying the initial condition for P,-. 
In the approximation (2) we have (if gjk is independent of y) 

Ajv = y~^dl + y~^dyydy + Am 
where Am is the Laplace-Beltrami operator for the metric 

dsM = ^gjkiO,x)dx^dx'' 

jk 

Then, eq.(4) reads 

-(52 + ydyydy + Am - y'm%)g^ = y^5 (6) 

v9m 
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After an exponential change of coordinates 

y = b exp u (7) 

eq.(6) takes the form 
(^-d^-dl-b^eM'^'>J'){AM-m%))g^ = gM^S{xQ-x'o)5{u-u')5{yi-x') (8) 
Let us denote 

J dxy/g^g% = G{xo,xi-,Xq,x[) (9) 

Then, the integrated Green functions (8)- (9) with mjv = are solutions of the 
equation for the two-dimensional Green function 

i-d^ - dl)G = 5{xo - x'o)5{x^ - x'^) (10) 

3 Generalized hyperbolic manifold V 

li M. = RT' {n = D — 1 ) then wc have in cq.(2) the Rindlcr metric [18] 

ds^ = y\dxy + dy^ + {dx^f + .... + {dx'^f (11) 

where y > and x G R^^^ . In the Rindlcr D + 1 dimensional space the formula 
(3) for the Laplace-Beltrami operator reads 

Ar = y-^dl + y-'dyydy + 5| + .... + dl (12) 

In [19] we have expressed the massless Green function for Rindlcr space by the 
massive one for the hyperbolic space. The conformal relation between metrics 
is responsible for a relation between Green functions. In the same way let us 
consider a conformal transformation of the metric on J\f to the optical metric 
[20] gAB = gAsgoQ when 

dslp = gAEdx^dx"" = {dx^f + t/-2(dy2 + ^^2^) (13) 

The equation for the Green function in the metric (13) is 

- (^o' + V^dl ~{D- 2)ydy + z/^Am - m^) Gop = y'^gjs (14) 
If we introduce {n = D — 1) 

GopiX, X') = y^y'^GopiX, X') (15) 

then 

2 

- (d^ + ydyydy - y + V^^m - m^^Qop = yg^/^ (16) 
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Comparing eqs.(16) and eq.(6) we can see that if mjv = and = — ^ then 
Qn coincides with Qop. 

The form of the optical metric (13) suggests that we should study a D 
dimensional manifold T) = R x M. with the metric 

dsl ^ y-^dy'' + dsl,) (17) 

The equation (4) for the Green function on T) reads 

- (y^dl ~(D- 2)ydy + j/^Am - m^)g^ = y'' g-J 5 (18) 
or after the transformation (15) 

- {ydyydy - +y^AM- m^) Qn = ygj 6 (19) 
We consider the Fourier transform of the Green function (6) 

5Xr'(xo,u,x;xo,M',x') = dpoe^p{ipo(xo - XQ))g^{po,u,:x:;u',x.') (20) 



It follows from eqs.(6) and (19) that at mjv = 

a^(po,«,w';x,x') = e^(w,u';x,x') (21) 

if 



2 

pl = m^ + ^ (22) 



We define the operator 



B = ydyydy - ^^^^ + 2/'Am (23) 
and its heat kernel P (this heat kernel is discussed also in [16]) 

drPr = \BPr (24) 

with the initial condition Pq{X,X') = y-^5{X - X') (here X = (y,x)). 

If we have the fundamental solution (24) then integrating over r we can solve 
the equation for the Green function 

{-B + m^)g^=y^S (25) 

Applying eqs.(21),(24) and (25) we obtain 

g%{po,u,u';yi,x') = dTexp{--pl + -n'^)Pr{y,yi;y',x') (26) 

or 

/■°° 1 1 T - 

g%{xo,u,x;x'o,u',x') = / (iT(27rr)"5 exp(- — (a;o-a;o)2+-n2)PT-(y,x;j/',x') 

(27) 
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4 The heat kernel on T> 

The Laplace-Beltrami operator A£) on I? reads 

Ad = y'^dl -{D- 2)ydy + j/^Am (28) 
We consider the heat equation 

drPr = \^DPr (29) 

with the initial condition y~^gj^^S. 

If is a compact manifold without a boundary then the spectrum of the 
Laplace-Beltrami operator Am is discrete [21] 

-AmW/s = EfeWfe (30) 
The eigenfunctions Uk are normalized 

j dXy/gj^UnUk = 6nk 

and satisfy the completeness relation 

^zlfe(x)wfc(x') = g-j5{x-^) (31) 

k 

Let us note that on a compact manifold a constant is an eigenfunction (30) with 
the lowest eigenvalue as 

Am1 = 

This zero mode is crucial for the behaviour of the Green function near the 
bifurcate Killing horizon. 

We can expand the fundamental solution of the heat equation (29) in the 
complete set of eigenfunctions (30) 

p,(t/,x;t/',x') = Y.'ir{y,y')M^)uk{^) (32) 

k 

Inserting in eq.(29) we obtain an ordinary differential equation for q^. 

In the Appendix we calculate Pr assuming that Pr depends only on the 
geodesic distance a on T). First, we show that if aM is the geodesic distance 
on M. then a is determined by the formula (this is a generalization of the well- 
known formula for the hyperbolic space) 

cosha = 1 + (2yy')"'(^M + (z/ " v'f) (33) 
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In order to prove eq.(33) we show by means of a direct calculation that a satisfies 
the Hamilton-Jacobi equation [22] 

y^{;dyadya + g^^^d^adka) = 1 (34) 

if om satisfies the equation 

g^^djUMdhf^M = 1 (35) 

We return to the heat equation (24) which results by the transformation (15) 
from the heat equation (29) . We integrate both sides of eq.(24) with respect 
to the measure ^/gMdx of the manifold A4. Denote 

QT{y,y') = j \^dyiPT{y,x;y',^') (36) 

It follows that Qr satisfies the equation 

drQr = l{dl-^-^^)qr (37) 

with the initial condition = d{u — u') (this is the same equation as for g° in 
eq.(32) after an exponential change of coordinates (7)). 
The solution of eq.(37) is 

qr{u,u') = {2nT)-i exp ( - ^(u - u'f - ^{0 - if) (38) 

When the Ihs of eq.(36) is known (from eq.(38)) then eq.(36) can be considered 
as an integral equation for fV. 

We can check using eqs.(27) and (38) that eq.(lO) is satisfied as 

J dTC,/g^g%{y,Xo,yi;y' ,x'o,:>d) = dT{2nT)-'^ exp{-^{u-u'f - ^{xq - x'^f) 

(39) 

Let us define the geodesic ball at the point xq 

Br{xo) = {y e M : (7(xo,y) < r) 

We denote 



n{r) = Vol{BriO)) = [ dpu{p) 
Jo 



(40) 



defining the density co{r). 
The volume element is 



d^x.^/g^{■x.) = druj{r)dS (41) 
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where dS denotes an integral over the surface of the bah (with a normahzation 
J dS = 1). Then, under the assumption that Pr depends only on the geodesic 
distance, eq.(36) (rewritten in terms of P of eq.(29)) reads 

dru;ir)pM2yyr\r' + {v - yT)) 

1 / 2 \ (42) 

= (2/y')"(27rr)-i exp ( - (2r)-Hlny - Iny')' - ^) 

As an example: heat kernels on homogeneous spaces of rank 1 depend only on 
the geodesic distance [23] [24]. In general, we must treat our assumption as an 

approximation. 
Let us denote 



Then, eq.(42) can be rewritten as 

/ Pr{p + v)f{2yy'p)dp = T„{t, v) (44) 
Jo 

where 



fiu)=u{V^)u-^ (45) 

and 

V = {2yy')-\y - y'f 
can be considered as cosher — 1 at x = x'. The rhs of eq.(44) 

Tn{T,v) = ^{yy')^{2nT)--^ exp ( - - ^) (46) 



is a function of 



or a function of 



1 y 

w = in — 



cosh w - 1 (47) 



Then, w in eq.(47) is replaced by the geodesic distance, so that in eq.(44) v = 

cosh (T — 1 . 

When the function ui is known then we obtain an integral equation for P. 
On i?" 

Lo{r) = A{n - l)r"-i (48) 

where A{n ~ 1) is the area of an n — 1 dimensional unit sphere. 

We can see from eq.(44)-(45) that Pt is determined by the volume measure 
fl. We solve eq.(44) for in the Appendix under the assumption that the 
volume r2(r) grows like a power of r . For compact manifolds we study the 
behaviour of Pr in the next section. 
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5 Euclidean free fields near the horizon 

We investigate in this section the Green function (8) in £> + 1 dimensions un- 
der the assumption that M. is £> — 1 dimensional compact manifold without 
a boundary with a complete set of eigenfunctions (30)- (31). We introduce the 
complete basis of eigenfunctions in the space L'^{dxodxi) of the remaining two 
coordinates 

{-d^ - dl + bhkeM^xi))<l>kixo,xi) = E,l>^{xo,xi) (49) 

In eq.(49) E denotes the set of all the parameters the solution (j)^ depends on. 
The solutions <j) satisfy the completeness relation 



di^{E)(l>k (xo, xi)(pk {x'o, x\) = S{xo - x'o)5{xi - x[) (50) 
with a certain measure u and the orthogonality relation 

dx(sdxi(j)^{xo,xi)(j)^ {xo,xi) = S{E — E') (51) 



where again the 6 function concerns all parameters characterizing the solution. 
Then, we expand the Green function into the Kaluza-Klein modes Uk as in 
eq.(32) 

gN{xo,Xi,x;x'Q,x[,x') 

= T,k9k{xo,xi;x'Q,x[)uk{x)uk{x') 

where 

gk{xo,xi;x'o,x[) = J diy{E)E-'^'^f{xo,xi)^^{x'o,x[) (53) 
gk is the kernel of the inverse of the operator 

Hk = -dl - df + b^ek exp(2a;i) 

i.e., 

Hkgk{xo,xi;x'Q,x'^) = (5(xo - x'q)5{xi - x^) 
The integral over x eliminates all Uk from the sum (52) except of fc = 0. Hence, 

G{xa,xi]x'^,x\) = J diy{E)E~^ 4>^ {x'„, x{)(t)Q {xo, xi) 



"4^ In {{xo - a;'o)2 + (a;i - x[) 



(54) 



In the limit Xi +oo the eigenfunctions (f)^ decay exponentially (except of the 
zero mode) when entering the potential barrier. Hence, we may expect that the 
Green functions also decay exponentially from the zero mode contribution Qo 
away from the horizon . 
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We study this phenomenon in more detail now. First, we write the solution 
of eq.(49) in the form 

<Pk = exp{ipQXo)(i)l' (xi) (55) 

where 

i-d! + exp(2xi))C = P?C (56) 

Now, E = Pq+pI and dv = dpodpi in eqs.(49)-(51). When = then the 
solution of eq.(56) is the plane wave 

= (27r)"5 exp{ipixi) 

Hence, eq.(54) follows by an explicit calculation. 

The normalized solution of eq.(56) which behaves like a plane wave with 
momentum pi for xi — > — oo and decays exponentially for xi +oo reads 

<I>1' = Np,Kip, (6^exp(a;i)) (57) 

where is the modified Bessel function of the third kind of order i' [25] . 

This solution is inserted into the formula (52) for the Green function with 
the normalization (51) 



J — C 



dx^^l\xr)ct>l'{x,) = 6{p^-p[) (58) 

J — oo 

Hence (see [26]), 

2 

7V2 =p^sinh(7rpi)^ (59) 



Then, performing the integral over pq in eq.(53) 

dpoexp{ipo{xo - x'o)){pl + pl)~'^ = 7r|pi|"^ exp(-|pi||a;o - x'o\) 
we obtain (G is defined in eq.(54)) 



gN{xo,xi,x;x'Q,x[,x.') - G{xo,xi;x'q,x[) ^ dpi sinh(7rpi) exp(-pi|a;o - : 
Efc^^o ^ipi (^v^exp(a;i ))ifipi (6y^exp(a;i))Mfc(x)'Ufc(x') 

(60) 

An estimate of the sum over k is difficult in general. The sum itself should be 
understood in the sense of a convergence of bilinear forms ( or equivalently in 
the sense of a convergence of the partial sum as a distribution). There are some 
subtleties in this convergence. For example, if we let 6 — > then the solution of 
eq.(8) [u = Xi,mN = 0) is 

Sjv(a;o,a;i,x;a;o,a;'i,x') = G{xo,xi;x'Q,x'i)gj^^ 6{y. - -x!) 
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The limit xi —oo could possibly be realized as 6 ^ 0. In the latter limit the 
rhs of eq.(60) should tend to 

G{xo,xi;x'o,x\)gM'' 2^ Uft(x)Mfe(x') 

It is difficult to prove such limits in general. 

We shall restrict ourselves to particular examples and heuristic arguments 
for some estimates of the rhs of eq.(60) which however cannot be uniform in 
xi — > —00. Let us consider the simplest example A4 = S^. Then, Uk{x2) = 
(27r)~2 exp(ifca;2) and = k"^ . The sum over k can be performed by means of 
the representation of the Bessel function 



/■oo 

Kii,{z) = I dtexp{—zcosht)cos{i't) 
Jo 



(61) 



We have 



J^kLi '-^P ( ~ kz cosh{t) — kz' cosh(f')^ cos(A;(a;2 — x^)) = 

exp - ^ cosh(t) - z' cosh(t') + i(a;2 - x'2)^ (62) 
^1 — exp(— ^; cosh(f) — z' cosh(t') + i(x2 — ^ 

Inserting in eq.(60) {z = by) and approximating the denominator in eq.(62) by 
1 we obtain an asymptotic estimate for large y and y' . Then, 

^jv(a;o,a:i,x;a;o,a;i,x') - G{xq,Xi;x'q,x'^) 

~ ^ cos(a;2 - x'2) /o°° dpi sinh(7rpi) exp(-pi|a;o - XQ\)Kip^ {hex.^{x{))Kij,^ (6exp( 

(63) 

We can estimate the integral over pi \i\xo — x'q\ > n. In such a case inserting 
the asymptotic expansion of the Bessel function we obtain 

Sjv(a;o,a;i,x; x'o,x[,x') - G{xo,xi;x'o,x[) 

~ ^ cos(a;2 - a;2)(|a;o - x'q\ - tt)"^ exp ^ - 6(exp(a;i) + exp{x\))j ^^^^ 

It follows that tends exponentially fast to the Green function for the two- 
dimensional quantum field theory. docs not vanish at the horizon. We could 
impose Dirichlet boundary conditions on at the horizon. For example we 
could demand that Qn is vanishing on the line x\ = u (as suggested in [27]). We 
can construct such a Green function by moans of the method of images. When 
u — > — 00 and a;i — > — 00 (still Xi > u) then the Dirichlet Green function 
tends to the two-dimensional Dirichlet Green function of the two-dimensional 
Laplace operator vanishing on the line Xi = u. However, as pointed in [27] it is 
not obvious that we should impose such a boundary condition at the horizon. 
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We can derive an integral representation for the Green function for the n- 
dimensional torus x x .... x ( then ek = kf + ... + k^) applying the 
formula 



exp(-6j/ cosh(t) \Jkl + ... + k"^) 

= TT-^ drr-' eM-^) exp ( - r^y'b' cosh\t){kl + ... + k^)) ^^^^ 

Now the sum over ki, ■■■■,kn can be performed. It is expressed by a product of 
elliptic 6'-functions. A precise analysis of such a formula is still difficult. We 
shall rely on an approximation applicable to general compact Ai (for the torus 
the Weyl approximation of the spectrum, applied in eq.(67) below is exact). 

We estimate the rhs of eq.(60) for large xi and x'l by means of a simplified 
argument applicable when x = x' , xi = x'l, |u(x)| < C. Then, 

|^?Ar(a;o,a;i,x;.'r;,,:ri,x) - G{xq,xi;x'q,Xi)\ 

^ ^"^^ Io° '^P'^ sinh(7rpi) exp(-pi|a;o - x^|) J^^t^o \K^Pl{b^/^exp{xl))\'^ 

(66) 

For the behaviour of the rhs of eq.(66) at large xi only large k in the sum (66) are 

relevant (the finite sum over k is decaying exponentially) . For large eigenvalues 
(e/c > n with n sufficiently large) we can apply the Weyl approximation for the 
eigenvalues distribution [28] with the conclusion 

|^Ar(xo,a;i,x;xo,a;i,x) - G{xo,xi;xq,xi)\ 

^ Io° sinh(7rpi) cxp(-pi|a;o - x'o|) 'EsKe^Kn exp(a;i))p 

+R dpi sinh(7rpi)exp(-pi|a;o - x'q\) J^j^^^^dk\Kip^ (6|k| exp(xi))p 

(67) 

where S is the lowest non-zero eigenvalue. 

The finite sum as well as the integral on the rhs of eq.(67) are decaying 
exponentially. This follows from estimates on Bessel functions K^{z) for large 
values of z [25]. The analogous formula for A4 = i?" (sec cq.(71) at the end of 
this section and ref. [19]) does not lead to the logarithmic term G on the Ihs of 
eq.(60) because (5 = in this case (there is no gap in the spectrum and no zero 
mode). 

We introduce now a free Euclidean field as a random field with the correlation 
function equal to the Green function Gn (see [5]; we need / fOwf >0) 

$(xo,Xi,x)= / dpodpiJ2k'^kiPo,Pi)<Pl'^ixi)uk{x.)ej<.p{ipoXo) 
= ^o(a;o,a;i) + X;fe>o ^k{xo,xi,x) 

where 



(68) 



{ak{Po,Pi)ak'{p'o,p'i)) = Skk'5{po - p'o)5{pi - p'i)(Po ^ (69) 

$0 is two-dimensional conformal invariant free field with the correlation function 

{^o{xo,xi)^o{x'q,x[)) = G{xo,xi;x'o,x\) = - ^In (^{xq - x'^f + {xi - x[f^ 

(70) 
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The correlation functions of $fe are decaying exponentially. This is so, because 
for large xi the eigenfunctions (/>^^ are solutions behind the potential barrier. 
Hence, the field 4>(xo,xi,x) will decrease exponentially fast for xi +00. 

Finally, let us still write down the formulas for A4 = R^~^ (the conventional 
Rindler space discussed in [1][29][30] and our earlier paper [19]). Then, the 
spectrum of the Laplace-Beltrami operator on A4 is continuous and instead of 
the sum over k we have an integral over the momenta p 

^jv(a;o,a;i,x;a;o,a;'i,x') ^ 

= (27r)-^+i /*irfpbi|-' exp(-|pi||xo - rc'oD^p' exp(ip(x - x')) 

(71) 

is defined in eq.(57) where is replaced by p'^. Then, in order to 
obtain the formula for the Green function (71) 'Ufc(x) in eq.(52) are replaced by 

the plane waves (27r)~"2" + 2 cxp(7'px). 

The expansion of the Euclidean field takes the form 

$(xo,a:i,x) = (27r)"'? + i j dpidpa{po,Pi,p)(l)^'^ {xi) exp{ipx + ipoXo) (72) 
and 

(a(po,Pi,p)a(Po>p'i.p')) = "^(P - p')S{po - p'o)S{pi - p'i){pI +P?)"^ 

We can continue analytically the Green fimctions to the real time. The Green 
functions define quantum fields if they satisfy some positivity conditions (re- 
flection positivity on the Riemannian manifold [4] [5] and Wightman positivity 
on the pseudoRiemannian manifold) . The Euclidean and quantum fields satisfy 
the identity (true for Riemannian as well as pscudoRiemanian metrics) 

^x) = - j dx'^(l\N{x')gN{x,x')Y{x') (73) 

Integrating by parts in eq.(73) we express $(a;) by the value of $(a;) on the 
boundary (at infinity) where according to eqs.(60) and (68) only the two-dimensional 
free field $0 on i?^ contributes (because $fc vanish at the boundary for A; > 0) 
and the field AAr$ (which is zero if $ is the free masslcss field continued analyti- 
cally to the pseudoRiemannian manifold) . The expression of $ by its zero mode 
$0 indicates that we could construct the quantum field in the Fock space of the 
masslcss two-dimensional quantum free field. We can obtain a representation of 
the Virasoro algebra in this Hilbert space. 

The formal analytic continuation of free Euclidean fields xq — > ixq (a gener- 
alization of the quantum fields on the Rindler space of refs. [1][29][30]) reads 

$(xo,a;i,x) ^ j dpiY,kO'k{piWk{xi)uk{yi)exp{-i\px\xo) 
+ / c^Pi Efc '^fc (^i)'^W cxp(ibi|a;o) 

where a and a+ are annihilation and creation operators satisfying the commu- 
tation relations 

[afe(pi), af{p'^)] = 5kiS{pi - p[) (75) 
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6 Conclusions 



We have shown in sec. 5 that if the manifold M. defining the bifurcate Kilhng 
horizon is compact then near the horizon of M the massless Green function of TV 
can be approximated by the Green function of the two-dimensional massless free 
field. If the manifold M. is not compact, but rather resembles the fiat space in 
its volume growth (see cq.(A.l)), then we cannot expect the reduction to a two- 
dimensional model. We cannot apply the eigenfunction expansion of sec. 5 but we 
refer to the results of the Appendix. Let us consider the behaviour at the horizon 
when y' — y = exp(a;i) 0, i.e., Xi -co. In this limit, if simultaneously 
(7m(x,x') << yy' (without this assumption the limiting behaviour of Green 
functions would not depend on x) then for £) = 3 (A: = in eq.(A.22)) for any 
Xq - x'q 

g = 2/-i?/-V(sinh<T)-i(a2 + (xo - ^ (^g^ 

We can show that eqs.(A.22)-(A.23) imply a generahzation of eq.(76) to D + 1 
dimensional manifold J\f, where for Xi,x[ — > — oo 

gMixo^x[„a)^a]f+' (77) 

It is interesting that this limiting behaviour does not depend on xq . 

Let us consider the case x ~ x' in more detail . Then, cr ~ |a;i — x'i\ and 
from eqs.(A.22)-(A.23) for small Xi and x'l 

g%{xQ - x'o, (7) ~ (^{xi - x[ f + (.To - 4)^) ' ' (78) 
For arbitrary xi and x'^ we have directly from eq.(A.22) 

Q%{xo - XQ,a)2k+2 = exp(- (k + l) {x[ +xi)) (^sinh{xi - x[)~^-£^^ 
{xi - a;i)(sinh(a;i - x[))-'^ ({xi - x[f + {xq - x'^)'^^ 

(79) 

It is decaying exponentially for Xi — > +oo and x'^ — > +oo. This behaviour results 
from the tunnelling through the barrier described by the quantum mechanical 
equation (56). We can obtain from eq.(A.23) the exponential decay in Xi also 
for the odd case (n = 2fc + 1) but a derivation needs some detailed estimates. 

The behaviour (77) is different than the one of eq.(67) (which is suggested 
in [13]). We can conclude that if the Laplace-Beltrami operator on the manifold 
A4 has a discrete spectrum then the Green function on the manifold Af close 
to the bifurcate Killing horizon is approximately logarithmic like in the two- 
dimensional massless free field theory. If however the spectrum of the Laplace- 
Beltrami operator on M. is continuous then such an approximation is invalid. 
In this case we obtain a power like behaviour at the horizon ( eq.(77)) as for the 
conventional D+1 massless Euclidean field theory in a flat space. Away from the 
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horizon we have an exponential decay of the Green function Qm characteristic 
to the tunnehng through the barrier. In the case of the discrete spectrum of 
Am the zero mode of the compact manifold Ad is not damped by the barrier. 
As a result its contribution to the Green function Qm is separated from the 
tunneling modes leading to the two-dimensional behaviour of the Green func- 
tion at the bifurcate Killing horizon. The two-dimensional behaviour indicates 
the relevance of the infinite dimensional conformal group for manifolds with a 
bifurcate Killing horizon (as briefly discussed at the end of sec. 5; it has been 
shown first in another way in [31]). A realization of the conformal group in the 
Fock space of quantum fields on the horizon is discussed in [32]. We intend to 
continue a study of the conformal invariance in the way suggested at the end of 
sec. 5 in a forthcoming publication. 

7 Appendix:The Green function of V with a power- 
like increasing volume of M. 

It is difficult to determine the volume growth Vl{r) (40) in general. Wc restrict 
ourselves to a class of manifolds [33] ( with non- negative Ricci curvature ) such 
that 

aA{n - l)r"-^ < uj{r) < A{n - l)r"-^ (A.l) 

with < a < 1. We show in this Appendix that the volume growth determines 
lower and upper bounds on the Green functions. The index n in eq.(A.l) does 
not need to be related to the dimension of the manifold. Wc show that the index 
determines the behaviour of the heat kernel and the Green functions ( for other 
derivations of some estimates on Green functions from the volume growth see 
[34]). Applying the inequality (A.l) we can conclude from eq.(44) (as Pr and / 
in eq.(44) are positive) that 

aA{n-l)jdpPr{p + v){,fW~pr-^<j^Pr{p + v)J{2yy'p)dp 

= T^{t, v) < A{n - 1) dpP^p + v){V2^r-^dp ^^■^> 

We solve the inequalities (A. 2) with respect to the heat kernel. We denote the 
solution of the inequality by Pr- Then, 

apr <Pt<Pt (A.3) 

and for Green functions 

aG'S <Qd<Qh (A.4) 

When a = 1 then Ai — i?" and the manifold T) is the hyperbolic space . In 
such a case the heat kernel Pr and the Green function Qh are the ones of the 
hyperbolic space. Hence, in eqs.(A.3)-(A.4) we estimate the heat kernels and 
Green functions on X>(as functions of the invariant distance) by the heat kernels 
and Green functions for the hyperbolic space. 
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Let Pt be the solution of eq.(44) with / defined in eq.(45) resulting from the 
upper bound (A. 2) (the one for the hyperbolic space) . Then, for an even n = 2k 
the equation for pr reads 

2^-^A{n^l)j^p,{p + v)p'^-Hp = 

(27rr)-^ exp ^^n^^ - ^) ^ F„{v) ^^'^^ 

We assume that Pr{x + v) is a fc-th derivative of a certain function F„. Then, 
integrating by parts in eq.(A.5) we find that this function is F„. More precisely 

p,(v) = (-27r)->'^F2,iT,v) (A.6) 

The formula for an odd n = 2fc + 1 is not so simple. The equation for pr 

reads 

2*^-*^(2fc) / dppr{p + v)p''-i ^F2k+i{v) (A.7) 



First, let us consider k = 0. We set p = ^a^.Then, eq.(A.7) takes the form 

f°° 1 
J dapr{-a^ + v) = Fi{t,v) 

Differentiating over v 

J dap',{^a''+v)=F[{T,v) 

Shifting V by and integrating over 7 we obtain 

1 f 1 

dadjp'^{-{a^ +j^)+v)= / djF[{T, v + -7^) (A.6 



In order to perform the integral on the Ihs we introduce the cylindrical coordi- 
nates a = rcos0 and 7 = rsin0. Then, the integral (A. 8) is equal to 

1 1 

p,{v) = — djFi{T,v + -j') (A.9) 

7^ J-00 ^ 

For n = 2A; + 1 we have (here p^^ = Pr) 
f°° 1 

A{2k) p^^\-a^+v)a^^da = F2k+i{T,v) (A.IO) 
Jo ^ 

Assume that 

P^^\v) = ^hk{T,v) (A.ll) 
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Then, integrating by parts we obtain from eq.(A.lO) 

f°° 1 

A{2k){-lf+^{2k - 1) X (2A; - 3) x ... x 3 / da/ife(r, -a^ +v) = F2fe+i(r, v) 

Jo ^ 

(A.12) 

Hence, we reduced the problem to the one for fc = 0. Eqs.(A.9) and (A.12) lead 
to the result 

/oo //fc+l 1 

^^7^^i^2.+i(r,-7' + z;) (A.13) 

We can express ( eq.(A.9)) in the McKean form [35] changing the integration 

2 

variable 7 into r where u + ^ = coshr — 1. Then, 

T 3 /'°° 1 

pW(u)=exp( )\/2(27rT)~2 / (coshr - cosher)" 27- exp( )dr (A.14) 

8 Ja 2t 

The solutions (A. 6) and (A.13) are equal to the ones for the heat kernel on the 
hyperbolic space. According to eq.(A.4) as functions of the invariant distance 
(33) on V these expressions approximate the heat kernel on T). Let us write 
down these formulas in a more explicit form. We have for odd dimensions 
£) = n + l = 2fc + 3 (fc = 0,l,..) 

p('=+i)(a) = (-27r)-'=exp(-^r + ir)((sinha)-i^)%W(a) (A.15) 

with 

2 

|5^i)(cr) = (27rT)"^CT(sinhc7)-^exp(-^ - ^) (A.16) 

2 2t 

In even dimensions £) = n+ l = 2/c + 2 

V^^\a) = 2exp(-H^ + |)(-27r)-'=((sinha)-if )^(°)(a) (A.17) 

These formulas have been derived in another way in [36] [37] [38] [23] . 

Then, the massless Green function on the hyperbolic space is {k = 0, 1, ...) 

a^(y,x;2/',x')2fc+2 = (-27r)-'=((sinha)-i^) V(sinha)-i exp(-!/a) (A.18) 
where 



v=\l—+m? (A.19) 
We obtain analogous formulas for the Green functions for an odd n 
Goiy^^'^ 2/',x')2fe+i 

= 2\/2(27r)-i(-27r)-'=((sinhc7)-i^) /~ (coshr - cosher)"* exp(-i/r)rfr 
= 2(27r)-i(-27r)-'=((sinha)-if )'Q,_i(cosha) 

(A.20) 
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where ([25]) 

Qfi{cosh.a) = I (2 cosh r — 2cosho-)~^ exp(— ^ 



)dr 



The Fourier transform in of the massless Green function (6) on M is equal 
to the Green function on D with (see eq.(21)) 

V = \po\ 

in eq.(A.18),i.e., for an odd dimension 

a^(po,y,x;?/',x')2fc+2 = (-27r)-'=2/-*^-^y'-*^-^((sinhc7)-^^)*'cT(sinh(7)-^exp(-|pok) 

(A.21) 

The massless Green function in D+1 dimensional manifold M , when D = 
n + 1 = 2{k + 1) + 1, can be obtained either from eq.(A.21) by means of the 
Fourier transform or from eq.(27) by a calculation of the r-integral 

aO,(aro-a;(„a)2fe+2=y-'=-'y'-'=-'((sinha)-i^)'a(sinh(7)-i(a2+(xo-x;,)2)"' 

(A.22) 

In even dimensions D = 2k + 2 the formula is more complicated . From 
eq.(A.20) we obtain 

Q%{xo-x'o,a)2k+i =y-^y'-^((sinha)-i^) ^^23) 
/^(coshr — cosh (T)~5r-(r^ + (xq — XQ)'^)~^dr 

In order to obtain approximate formulas for the generalized hyperbolic mani- 
fold V and the Rindler-type manifold M with the horizon we should insert in 
eqs.(A.14)-(A.23) the expression for the invariant distance a (33) on V. 
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